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ISOMORPHISM OF LATTICES OF
RECURSIVELY ENUMERABLE SETS

TODD HAMMOND

ABSTRACT. Let w = {0,1,2,...}, and for A C w, let £4 be the lattice of
subsets of w which are recursively enumerable relative to the “oracle” A. Let
(E4)* be £4/Z, where T is the ideal of finite subsets of w. It is established
that for any A, B C w, (£4)* is effectively isomorphic to (£B)* if and only
if A’ =p B’, where A’ is the Turing jump of A. A consequence is that if
A’ =p B’, then £4 =~ £B. A second consequence is that (£4)* can be
effectively embedded into (£8)* preserving least and greatest elements if and
only if A’ <p B’.

1. INTRODUCTION

Many theorems in recursion theory remain true when relativized to any oracle
A: that is, when “r.e.” is replaced throughout by “r.e. in A”, “recursive” is replaced
by “recursive in A”, and so on. This is because most of the methods of proof used
in recursion theory actually use only the fact that the class of recursive functions
is closed under certain operations. Nevertheless, if we define £ to be the lattice of
recursively enumerable sets and £4 to be the lattice of sets which are recursively
enumerable in A, it is not true that for all sentences ¢ (e.g., of second order logic
L11), @ is true in £ if and only if ¢ is true in £4. In particular, there are sets A
such that €4 2 £ (see Lachlan [3], Feiner [1], or Hammond [2]).} In this paper,
we will establish that there are nonrecursive sets A such that £4 = £. Indeed, let
(E4)* be the lattice £4 modulo the ideal of finite sets; for U € £4, let U* be the
unique element of (£4)* containing U; let w be the set of natural numbers; and
say that (£4)* and (£8)* are effectively isomorphic ((£4)* =, (£8)*) if and only if
there is a recursive permutation f of w such that the map (WA)* (Wﬁe))* is a
well-defined isomorphism of (£4)* and (£8)*. Then we will establish the following
more general theorem, which is the main theorem of this paper:

Theorem 1. For all A, B C w, (E4)* =2, (€B)* if and only if A’ =r B'.

We refer the reader to Soare [9] for notions we leave undefined here: in par-
ticular for the definitions of A’ (the Turing jump of A), the relations <7 and =r
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(Turing reduction and equivalence), WA (the “e-th subset of w which is recursively
enumerable in A”), and {e}? (the “e-th function which is partial recursive in A”).
Notice that because all acceptable enumerations of the r.e. sets are equivalent up
to a recursive permutation of w (see Rogers [5]), the definition of ¢ is independent
of the choice of an acceptable enumeration of the r.e. sets.

The main goal of this paper is to prove Theorem 1. Theorem 1 has the following
easy corollary:

Corollary 1. For all A,B Cw, if A’ =7 B’, then £4 = EB.

Proof. Suppose A’ =r B’. Thus (£4)* =, (£B)* by the right to left direction of
Theorem 1, so a fortiori (£4)* = (£8)*. But Lachlan [3] established (Lemma 14,
p. 28) that if M; and My are two countable lattices of subsets of w which each
contain all finite and cofinite sets, then M; = M if and only if M7 = M3. Thus
EA=EB, O

An immediate and interesting consequence of Corollary 1 is that £4 = &£ for
any set A C w such that A" =r ( (i.e., such that A is low). Roughly speaking,
this is interesting because, with the use of Corollary 1, it shows that all theorems
“about” the lattice & must relativize to any low oracle: i.e., all theorems “about” &
will remain true if “recursively enumerable” is replaced throughout by “recursively
enumerable in A” for some low A. The lattice £ is a complex structure, and is far
from being completely understood.

There is an analog of Theorem 1 which holds for effective embeddings. Here
we say that ® : (£4)* — (EB)* is an effective embedding if ® is an embedding
of (€4)* into (£B)* and if there is a recursive function f : w — w such that

P(WA)*) = (WF,))* for all e. Then:

Corollary 2. For all A,B C w, (§4)* can be effectively embedded into (£8)*
preserving least and greatest elements if and only if A <1 B'.

Proof of <. Suppose A’ <1 B’. By the Relativized Friedberg Completeness Crite-
rion (see Soare [9], p. 98), there is a set C such that A <p C and C’ =¢ B’. Since
A <t C, the inclusion map from (£4)* to (£Y)* is easily an effective embedding
preserving least and greatest elements. But ¢’ =7 B’, so by Theorem 1, (£¢)*
and (EP)* are effectively isomorphic. Composing these maps, we get an effective
embedding of (£4)* into (£Y)* preserving least and greatest elements. |

The proof of the left to right direction of Corollary 2 will be delayed until Sec-
tion 2. The following curious “Schrioder-Bernstein”-like result follows easily from
Theorem 1 and Corollary 2:

Corollary 3. Forall A, B C w, (£24)* is effectively isomorphic to (EP)* if and only
if each of (E4)* and (EB)* can be effectively embedded into the other preserving least
and greatest elements.

Proof. By Theorem 1 and Corollary 2, this reduces to saying that A’ =7 B’ if and
only if A’ <r B’ and B’ <p A’. O

However, it is not hard to see that Corollary 3 would be false if the word “effec-
tive” were dropped.

The left to right directions of Theorem 1 and Corollary 2 are easy, and will be
proven in Section 2. It will then remain to prove the right to left direction of Theo-
rem 1. We will do this in Sections 3—6 using a modification of Soare’s automorphism
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construction [7]. Section 3 gives some background on Soare’s automorphism con-
struction, an outline of what is done in Sections 4 through 6, and briefly explains the
most important difference between our proof and proofs of other theorems which
also use modifications of Soare’s automorphism construction.

Although this paper is in principle self-contained, it will be helpful for the reader
to be familiar with the essentials of Soare’s automorphism method. Sections XV.6.1
and XV.6.3 of Soare [9], which give some of the intuition and motivation for his
automorphism method, will be particularly helpful in this regard. The reader should
keep in mind, however, that some features of his construction will be somewhat
modified.

We adopt the usual conventions of set theory: in particular, for all n € w,
n={i€w]|i<n}. If fisa function, then f = graph f = {(x,y) | © € dom f and
fx)=y}. Plw)={A] ACw}. Wewill normally use the symbols A, B, and C to
denote subsets of w, and the symbols a through e and ¢ through z to denote elements
of w. A function F' is a (1, n)-ary partial recursive functional if dom F' C P(w) X w"
and if there is an e € w such that graph F = { (4, 21,... ,2,),y) € (P(w)xw")Xw |
{e}*(z1,... ,r,) exists and equals y }. If A C w, we let F4 be the function with
graph { ((z1,...,2p),y) € W™ X w | F(A,21,...,2,) exists and equals y}. If
n > 0 and @ € w we let F, be the function with graph { ((A,x2,...,x,),y) €
(P(w) x w" ) xw | F(A,a,21,...,1,) exists and equals y }. If f is a function
with domain a subset of w, then we say that lim, f(s) exists if there exist s € w
and « such that for all ¢ > s, ¢ € dom f and f(t) = «, in which case we put
limg f(s) = a.

A few remarks on the context of this paper: The problem of the relationship
between &£ and the lattices £4 might be called the “outer” isomorphism problem.
The “inner” isomorphism problem is then the problem of the relationship between
& and the lattices £(A), where for A an r.e. set, L(A) ={W € £ | W D A}. Both
problems (and especially the “inner” isomorphism problem) are in the spirit of
Post, who was among the first to ask questions about the relationship between the
complexity of a set and its lattice-theoretic properties. The “inner” isomorphism
problem has met with much success in work by Soare [8], Maass [4], and in recent
(as yet unpublished) work by Harrington, Lachlan, Maass, and Soare. The “outer”
isomorphism problem has until recently been relatively neglected, important excep-
tions being in work by Lachlan [3] and Feiner [1]. The main theorem of this paper
is most closely analogous to the main theorem of Maass [4], which indeed supplied
much inspiration for this paper.

2. PROOF OF THE EASY DIRECTION OF THE MAIN THEOREM
The following proposition is well known (see Soare [9], pp. 53 and 66):

Proposition 1. Let A,B C w. Then B’ <7 A’ if and only if there is a recursive
f:w — w such that for all e € w, W2 is infinite if and only if WfA(e) is infinite.
A" =r B’ if and only if there is a recursive permutation f of w such that for all

e € w, WEB is infinite if and only if W]’f‘(e) is infinite.

Proposition 1 immediately gives the left to right directions of Theorem 1 and
Corollary 2:

Proof of = for Corollary 2. Let f : w — w be a recursive function such that the

function F : (E4)* — ()" with F((WZ)*) = (W[,))* for all e is well-defined
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and is an embedding of (£4)* into (£B)* preserving least and greatest elements.
But then (WA)* = 0* if and only if (Wﬁe))* = 0*. Le., WA is finite if and only if

Wﬁe) is finite. Hence by Proposition 1, A’ <7 B’, as desired. |

Proof of = for Theorem 1. Strictly analogous, except we can now choose f to be

a recursive permutation. (Alternatively, we can apply the proof above twice: first
to get A’ <p B’, and second to get B’ <p A’.) O

Proposition 1 also plays an important role in the proof of the hard direction of
Theorem 1.

3. INTRODUCTION TO THE HARD DIRECTION

In Sections 4-6 we will prove the harder direction of Theorem 1. That is, given
A, B C wsuch that A’ =¢ B’, we will prove that (£4)* 2, (£8)*. Our proof will use
the automorphism method (though not the results) of Soare [7] with simplifications
taken from Maass [4] and Soare [9]. Of course, other changes will also be necessary.
Maass’s notion of verified [4] inspired a similar notion which will be an important
element of our proof (this notion will be defined in Section 4). However, it is not
necessary for the reader to have read these proofs. Throughout the rest of the
paper, we fix sets A, B C w such that A’ = B'.

To describe the proof of the hard direction further, we need the following notions,
which we will use frequently throughout the rest of the paper:

Definition. (i) v is a state if v is a triple (e,0,7) where e € w and o and 7 are
subsets of {0,1,2,...,e}. If v = (e,0,7) is a state, then |v| (the length of v) is e,
and v* = (e, 7,0). Let S be the set of all states.

(i) If (X;)iew and (Yi)iew are sequences of subsets of w, and if z, e € w, then we
let v(e,x; (X;)icw, (Yi)icw) be the state (e,{i<e|ze X; },{i<e|z€Y;}).

We will use the symbols v, p, and 7 for states. States can be easily coded by
elements of w, and it is sometimes convenient to identify S with w.

A sketch of our modification of Soare’s automorphism construction is as follows:
In Section 5, we will use Smullyan’s Double Recursion Theorem and the definitions
of Section 4 to define sequences (U;);c. and (Vi)ieu of recursively-enumerable-in-
A subsets of w and sequences (V;);e,, and (Ui)iew of recursively-enumerable-in-B
subsets of w. Given e, z € w, we will define v(e,z) = v(e,z; (Us)icw, (Vi)icw) and
ve,x) = v(e,x; (Vi)icw, (Ui)iew). By the end of Section 6, we will see that the
sequences (U;)icw, (Vi)i@,, (Vi)iew, and (Umeu have the following properties:

(1) U; =* WA and V; =* WP for all i.
(2) For every state u, {z | v(|u|,z) = p} is infinite & {z | D(|u|,z) = p*} is
infinite.

It now follows (as the reader can easily check) that (1), (2), and the facts that
Vi € &4 and U; € £B for all i imply that the relation R = { (U, U;) | i
w}U{(V*,V*) |i€w} is a function and is an isomorphism from (£4)* to (£5)*.

Moreover, the sequences (f/i)ieu and (U;)icw will be defined in such a way that
there are recursive functions g, h : w — w such that

(3) Vi =" Wi,y and U; =* Wk, foralli € w.
(In fact, (3) will also hold with “=*" replaced by “=".)
It is easy to see (cf. Soare [9], p. 344) that (1)—(3) imply that
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(4) (E4)* and (EB)* are effectively isomorphic via an isomorphism @ such that
for all 4, ®(U;) = Uy and ®(V;*) = V;*.

We will define the sequences (U;)icw, (Vi)ieu, (Vi)iew, and (Ui)i@J by “stages”.
That is, we will define sequences (U; s)iscws (Vis)iscw, (Virs)isews and (Us )i scw
of finite sets, and for all i € w will put U; = (J, Ui,s, V, = U Vm, Vi=U,Vis,
and U; = U Uls Also, for all ¢,s € w, we will have U; s C U; 511, Vz‘,s - Vi,SJrl,
Viis € Vist1, and U; s CUj 541.

At the risk of oversimplifying slightly, it is fair to say that the most important
difference between our proof and the proofs of other theorems which also use mod-
ifications of Soare’s automorphism construction is that the sequences (Vi)ieu, and
(Ui)i@,, whose definitions have in other modifications of Soare’s automorphism con-
struction seemed intertwined in a complex way, are now defined entirely separately
except for one use of Smullyan’s Double Recursion Theorem. (The statement of
Smullyan’s Double Recursion Theorem is given in Section 5.) Roughly speaking,
the reason that this change is necessary is that in order to achieve property (3),

the sequences (V;);e,, and (U;);e,, must be defined using different “oracles” (A and

B, respectively). In effect, and now very roughly speaking, in defining (V; s)ic. at
some s, we will have no knowledge of (Ul s)icw at any particular §, but can only
guess what will happen in (U; ¢)ic,, “infinitely often” (i.e., for infinitely many 3).

We can approximate the final state v(e,z) or D(e,&) of an element z or &
of w using the following functions: let vs(e,z) = v(e, x; (Uis)icw, (‘A/i,s)iew) and
Ds(e, ) = vie,; (Vis)icw, Uis)iew). v = (e,0,7) and v/ = (¢/,0’,7’) are states,
then we put v C v/ if and only if e = ¢/, 0 C ¢’ and 7 C 7/. Thus we see that
for all e,x,%,s € w, vs(e,z) C vsyi1(e,z) and Dg(e, &) C Dsy1(e, ). Now consider
the following problem: If we are given e, z, %, s,$ € w and sets (U s)icw, (%73)1»6“,,
(Vi5)icw, and (Ui7§)i€w, under what conditions on v4(e, ) and 7z(e, ) can we de-
fine (m)sﬁ_l)iew and (Ui)g.ﬁrl)iew so that vsi1(e,z) = Dari1(e, &), and yet also let
Uis+1 = U;s and V; 341 = Vi for all ¢ € w? The answer uses the following
definition:

Definition. Let v = (e,0,7) and & = (é,7,5) be states. Then we put

(i) v ||  (read v is compatible with D) iff e =¢é, 6 C o and 7 C 7.

(iYv|vife=é, 6 Coand 7 =r7.

(i) v|«vife=¢é 6 =cand 7 C 7.

Notice that || is a symmetric relation.

It is easy to see that we can define (V; s41)icw and (U; s+1)icw as desired if and
only if vs(e,z) || Ds(e, &). Moreover, if vy(e, z) «|| Ps(e, &), we can in addition take
Vist+1 = Vi for all 4, and if vs(e, ) ||« Ds(e, &), we can take U; 541 = U, s for all 4.
Definition. Let v = (e,0,7) and v/ = (¢/,0’,7') be states. Then we put

(i) v > v (read v covers V') iff e=¢’, 0 D¢’ and 7 C 7'.

(i) v >, v/ (read v exactly covers V') iff e =€/, 7=7"and 0 D o’.

The intuition is that bigger is better: it is easier for <-big states to be compatible
than it is for <-smaller ones to be, in the sense of the following easy proposition:
Proposition 1. Let v, v1, U, Iy be states. Then:

W) Ifv || v andif vy > v and iy > D, then vy || Dy.

(i) If v «|| D and if v1 >4 v, then vy «|| D.
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(i) If v ||« © and if 01 >, D, then v ||« D1.

Since we will be concerned with states v of arbitrarily large length, the following
notation will be useful:

Definition. Let v and v’ be states, and suppose v = (e,0,7) and v/ = (¢/,0’, 7).
We put

(i) vin=(n,en{0,1,...,n},7N{0,1,... ,n}).

(ii) v < v/ if and only if e < e’ and v = V'e.

Some more notions which we will use in the remainder of this paper: As usual,
L is a list or sequence if L is a function on a where o < w. By an occurrence of «
in the sequence £, we mean an integer n such that £(n) = . We say that M is a
marked list if M is a pair (£,5) such that £ is a list and S C dom £. We say that
n is marked on M if n € S. If M = (L, S) is a marked list, we put "M = £ and
"M = S. If M; and M, are marked lists, we put M; C My if TM; C "M, and
"My C Mo, We say that S is a stream if S is a set of pairs (v, z) such that v is
a state and = € w.

Suppose R C w. We say that R holds at stage s if R(s), that R holds by stage
s if R(t) for some t < s, and that R holds infinitely often if { s | R(s) } is infinite.
Now suppose that f is a function. Let « be arbitrary. We say that f(a) exists
(written f(a)]) if o € dom f. If f(«) does not exist, we write f(a)T. If dom f C w
and s € dom f, we sometimes call f(s) “f at stage s”.

Given any sets X, Y, and y € Y, we put X<¥ = |J, X", FS(X) = {D |
D is a finite subset of X }, FF(X,Y)={f|f:D — Y for some finite D C X },
and FF,(X,Y)={f|f:X — Y and f(x) =y for all but finitely many = € X }.
(“FS” stands for “finite subset” and “FF” stands for “finite function”.) Let J be
the set of integers.

4. THE ISOMORPHISM CONSTRUCTION

In the next three sections we give our modification of Soare’s automorphism
construction, in order to show that (£4)* =, (£8)* (recall that A and B are sets
such that A’ =p B).

For the remainder of this paper, fix a bijection (a “coding”)

K :w— FFy(w, FS(w))? x FS(w)? x FFy(S, FS(w)) x FS(S)?
X (8¢ x FS(w)) x FF g (S,5° x FS(w)) x FF(w?,S)
x FF(S,w) x FF(w,J) x FS(S x w)® x FF(S,w) x w.

(It is not hard to see that any two “natural” choices Ky, K» for K are recursively
equivalent in the sense that there is a recursive permutation 7 of w such that
Ky, = Ks o, so the choice of K is not particularly important. However, we will
omit the definition of exactly what we mean by the term “natural” here.)

Fix a sequence °R of pairs (v,i) € S x {1,2} such that (1) every pair (v,4) €
S x {1,2} occurs infinitely often in °R, (2) "R is recursive (i.e., recursive as a
function from w to S x w). Fix a recursive bijection (—, —) : w? — w and a (1,1)-
ary recursive functional g such that for all Y C w, ¢g¥ is one-one and has range
exactly { (n,z) | z € W)Y }. (It is not hard to see that such a functional g exists.)
Let WY, = {z | (n,z) € g*(t) for some ¢t < s}. We may assume that W) = w
and that W,y . C W', for all n and s.
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Fix b € w,v:w — w, Y C w. The intuition behind the parameters b, v and
Y is as follows. We are defining one half of the construction, and this half is done
relative to the “oracle” Y, either A or B. Suppose for example that Y = A. Then
v is a recursive permutation f (obtained using Proposition 1) such that for all e,
W2 is infinite if and only if Wﬁe) is infinite. b is an index for the other half of the
construction, in this case the half relative to the “oracle” B, and is obtained using
Smullyan’s Double Recursion Theorem. The values of b, v, and Y will be defined
precisely in Section 5.

The goal of this section is to define for each s € w the objects

(ngg’y)neah (V;i_,g’v’y)netuv HS’U’Yv CS’U’Ya Cf::X’ Cs::7Y7 Dg’v’ya
QZ,@,Y’ 1RZ,U,Y’ (BSZTSJ’Y)VGAS’ZS’U’Y’ (LZ’,Z’Y)VGSv wls)’v’yv nl;,v,Y’
(VA2 e, PO MDY fin i S (C), 810 (),
SIY (Co) S (D), 8107 (), S10Y (@), MEn [P i
We define 1(s) to be the finite sequence of objects in (0). For each s € w,

AnULSY An VDY A VEeY € FFy(w, FS(w));

(0)

HYUY, O, Oy Oy DY PYUY QY MY IR € FS(w);
€ BEUY € FRy(S, FSW)); MUY Py e FS(S);
LY € S FS(w); ALY € FFog)(S, 85 x FS(w));
voUY € FF(W,S); 0" € FR(S,w);  d™Y € FF(w,J);
SeC), S (C), S (C), S (D), 87T (P), Sy (Q) € FIS(S x ws

whY € FF(S,w); nbY € w.

In Section 4.2, we will define the function As f(s) by course of values induction.
We drop the superscripts b, v,Y for the remainder of this section.

Remark. The reader may find it helpful to think of M, as the set of balls in a
“pinball machine” at “stage” s, where a stage is just an element of w. Then H
is a “hole” of the pinball machine, C, (1, Cy, and D are “tracks”, P and @) are
“pockets”, and each B, (v € S) is a “box”. The reader may find Figure 1 (from
Diagram 6.1 of Soare [9], p. 361) helpful in visualizing this “pinball machine”. Part
of the work in Section 4.2 can then be thought of as moving a ball from one hole,
track, box, or pocket to another.

4.1. Preliminaries. We now make some definitions which we will need in Sec-
tion 4.2 for the definition of the function As I(s).

We say that e is verified at stage s if W), — W), ., # 0 (where we put
W§6)7_1 = ()). We say that e has been verified u times by stage s if | nge)ys | > u.

Recall the coding K chosen at the beginning of the section. If Z C w, s € w, and
{b}2(s)], K({b}?(s)) is a 28-tuple. We define (VnZ,S)nEW, (U;‘L‘)SZ)nEUJ, (Urfs)neu,,
ﬁst C«SZ’ éfsv éZZ,sv f)szv Ast Pst Mst 17%’3Zv (BVZ,S)VG& MSZ’ 75st szv (ﬁg,s)V€57
07, 4%, d?, 8.(C?), S(CF), So(CF), So(D?), Si(P?), S,(Q%), wZ, and #Z to be
the 1st, 2nd, ..., 28th terms of the sequence K ({b}Z(s)).
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FIGURE 1. Machine M [From R. I. Soare, Recursively enumer-
able sets and degrees: a study of computable functions and com-
putably generated sets, Springer-Verlag, Berlin, Heidelberg, New
York, London, Paris, Tokyo, 1987, p. 361. Used with permission.]

We use the symbol X to range over the symbols C, C, Cs, D, P, @ in the following
sense: (3X)[--- X ---] is an abbreviation for (---C---)V(---Cy---)V(---Cq---)V

(D YV (P V(- Q).
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We also need the following easy proposition, whose proof we omit:

Proposition 1. There are recursive functions «, 3,7,6,€,( : S — w such that for
all states i and all Z C w,

W2 = {01 G)[{b} ()L A (5,9) € Ss(D?)]},
Wﬁ(ﬂ) = {s|{b}7(s )l/\Bis:@}v
W2 = {s {0} (s)L A [dZ ()T v
(3t > $)[{B}Y2 (D)L A @7 ()1 Va7 () # 62 ()]
3 )

Wil = {s | (vt < s)[{B} (1) L] A (39)(3 )[ASZ(IAlaﬁl

NPT (1Al 9),9) € Se(X Z) vZ(1Al,9) ¢ Ps

A Bt < )7 (1l g)L A p= o7 (1l 9)]]

Wiy = {s [ {}7(s)L A (B39 3X)[ (4, ) So(X7)1},
W = {s {0} ()L A B (3.9) € So(D?)]}-

Now fix recursive functions «, 3,7, 6, €, ¢ as in the statement of the proposition.

4.2. Definition of \s i(s). We now define the function Asi(s) by course of values
induction. At “stage s” we will define (s) from (i(t))t<s, in such a way that (1)
ifs>0,thenforallncwandv e S, Uy, s DUy s— 1,VnSDVnS 1, "Rs D "Re_1,
Zs DZs—q,and Ly s O Ly s—1; (2)s Cs UCy s UCy s U Dy has at most one element;
(3)s the sets Hy, Cs, Ci5, Cas, Ds, Qs and B, s (v € §) are mutually disjoint;
(4)5 Ps = UV Bl/,S; (5)5 Ms = Hs ) Os U Ol,s U CQ,S U Ds U Ps ) Qs; (6)5 (&)
for all e,z € w, (e,x) € domus if and only if e < z and x € M, and (b) for
all (e,x) € domvy, vi(e,z) = (e,{i <e |z e Uy },{i<el|lzeVis}); (7s
Ps={v| 3o e M) .|| v]}; 8)s (a) for all y € w, y € domd, if and only if
y € My, and (b) for all y € domds, either ds(y) < 0 or vs(ds(y),y) € Ps.

So assume that we are given ((¢))i<s and that for all ¢ < s, (1);—(8); hold. In
the remainder of this subsection, we define f(s) and show that (1),—(8)s hold.

421 Deﬁmtzon Of (Ums)nEw; (Vn—ts)nEw; Hs; Cs, CLS; CZ,S; Ds; (BV7S)VES7 Qm
"Rs, Ts, (Lu.s)ves, ws, ns. We define these elements by cases:
Case 0: s =0. Forallv € S and n € w, put U, s = V,j‘s =H,=Cs =Cs =
Cos=Ds=DB,s=Qs=1'Rs=ws =0, put Z, = L, s = (0,0), and put ns = 0.
Case 1: s > 0 and some element z is in Cs_q UCY 51 UC2 -1 UDs_1. By (2)s_1,
the element x is unique. Put U, s = U, s—1 and ny =ns_1. If z € C5_1, then
“RULE R;”. Let n € w be the least n such that n ¢ IR<_1 and such that,
letting (1,7) = "R(n), p 2 vs_1(x,z). If i =1, put C1 s = {z} and put Cs s = 0,
and if i = 2, put Cas = {2z} and put C1 s = 0. Put 'Ry = 'Rs_1 U {n},
Cs =Dy =ws = (Z)a Hy = Hs—la QS = Qs—h Bu,s = Bms—l for all v, I, = Is—17
Lys =Ly 1 forall v, and V,f, =V, ,_; for all n.
If £ € Ds_q, then
“RULE Rs”. Let u be the largest u < s such that D, # (), if there is such a u,
and 0 otherwise.
Step 1. For each state v define a set B;} as follows: If v(v*) is verified at some
stage t with u < t < s, then put B, = (). Otherwise, put B;f = B, s_1.
Step 2. Define A =J,(Bys—1 — B}).
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Step 3. For each y € A, let t, be the largest ¢ < s such that y ¢ P;. Put
Hs = Hs—l U {y €A | Vty(yvy) 7& Vs—l(yuy)} and define Q+ = Qs—l U{y €A |
v, (y,y) = vs—1(y,y) }-
Step 4. For each v such that B, 1 = 0, let 7L, ; be L, ;1 concatenated
with the sequence of states p (listed, say, in the order of their codes) such that
v < pand |p| < s and such that there is no unmarked occurrence of yon £, s_1.
For each v such that B, 1 # 0, let TL, s = L, 5_1.
Step 5. If there are states m and p such that 7 < u < vs_1(x, ) and p occurs
unmarked on L s, then choose the 7 of least length and then the p as above
which first occurs unmarked on L s, and put Br s = B U{z}, B, s = B;} for
all v 7é T, Qs = Q+7 _£7I'7S = _‘Cms—l U (+£w,s)_1[ﬂ]7 and _£V7S = _£V7S—1 for all
v # . If no such 7 and p exist, put B, s = B;} for all v, put Qs = QT U {xz},
and let °L, s = "L, s—1 for all v. In either case, put Cs = C; s = Cy s = Ds =
ws =0, Hy = Hy_1, "Ry = "Ry_1, and Z, = Z,_1, and V,, = Vj, .1 for all n.
If x € (551, then
“RULE R3”. Step 1. Define ws by putting 7 € domw; if and only if ¥ is of
length < s and 7 does not occur unmarked on Zs;_;, and by for each such ©
letting w, () be the largest t < s — 1 such that ¥ occurs unmarked in Z;, if such
a t exists, and || otherwise.
Step 2. Let TZ, be TZ;_1 concatenated with the sequence of states o (listed,
say, in the order of their codes) such that 7 € domws and such that §(#) and
e(f1) for all i < U have been verified w,(P) times by stage s — 1.
Step 8. 1If there is a @ such that & || vs_1(|7|,2) and & occurs unmarked
on (*Zs,Zs_1), then choose the # || vs_1(|#|,#) which first occurs unmarked
on (*Zy,Zs_1). Suppose that # = (e,7,6) and vs_1(e,x) = (e,0,7). Put
VZ"; = V;,s—l U{z} for all i € 7 — 7, put VZ"; = Aiys_l for all i ¢ 7 — 7, and put
Ts = Is—1 U(TZ,)7L[#7]. If there is no such #, put st = V;.s_1 for all 4, and
put Ly = "1 1. Put Cs = CLS = 0273 = @7 D, = {x}7 H, = Hs—17 QS = Qs—17
Bys=DBy s forallv, "Ry ="Rs_1,and L, s = L, 51 for all v.
Otherwise € Cy5_1: then put Cy = Cy 5 = Co s = ws = 0, Dy = {z}, Hy, =
Hs—17 Qs = Qs—la Bv,s = Bv,s—l for all v, 1Rs = 17—\)/5—1, Zs = Is—la Ns = Ns—1,
Lys =Ly -1 forall v, and V;f, =V, .1 for all n.
Case 2: s >0, Cs_1 UCy 51 UC25_1UDs_1 =0, and Hs_q1 # 0. Let x be the
least element in Hy_y. Put Hy = He_1 — {z} and Cs = {z}. Put C1, = Cy, =
Dy = ws = ®7 put Qs = QS—17 Bv,s = Bv,s—l for all v, 1Rs = 1Rs—1a I = Is—lv
and £, s =L, s forallv. Put U, s = U, s—1 and V,:FS = Ams_l for all n, and put
Ng = Ng—1.
Case 3: s > O, Cs_1 U 0175_1 U 02)5_1 UDs_ 1 = @, and H,_1 = 0. Let (e,x) =
gY(nS_l). Put Ng = Ng—1 + 1, OS = 0175 = CQ)S = Ds = @, 1RS = 1R5_1,
Zs=T2s_1,and L, s =L, s for all v. Put Vn"’S = Vn)s_l for all n. Then:

Case 3A: z < e. Put U, = Upsq for all n, Hy = 0, Qs = Qs—1, and

B, s = B, s—1 for all states v.

Case 3B: x > e. Put U s = Ue s—1 U {2z} and U,, s = Uy, 51 for all n # e. Then

Case 8B1: e = 0. Put Hy = {z} and Qs = Qs—_1, and put B, s = B, s_1 for

all states v.

Case 3B2: ¢ > 0 and x € Ps_;. Let p denote the state such that z € B, s—1;

from (3)s—1 and (4),—1 there is exactly one such state. If e < |u|, put B, s =
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By s—1 — {2} and put H; = {z}. Otherwise, put B, s = B, s—1 and H, = (.
Put B, ; = B, 1 for all states v # p and put Qs = Qs—1.
Case 3B3: e > 0 and z ¢ Ps_1. Put Qs = Qs—1 — {z} and Hs = {z}. Put
B, s = B, 1 for all states v.

The reader can easily verify that in all cases, (1)s—(3)s hold.

4.2.2. Definition of (Vn,s)new. If s =0, let Vn,s = for all n € w. If s > 0, define
the Vn,s (n € w) by Rule Ry:

“RULE R4”. Step 1. For each y which is in Q;NQs_1, define a set K, as follows: Let
e=ds_1(y). f e <0orif vs_i(e,y)* € Ms_q then let K, = (. Otherwise (using
(7)s—1 and (8),—1) there is some 2, € M_; of length e such that oy .|| vs—1(e,y).
Choose from among these 7, a ¥, such that {¢t < s | {(i) is verified at stage ¢ }
has maximal cardinality. Suppose 7, = (e,7,6) and vs_1(e,y) = (e,0,7). Put
Ky=1-1.

Step 2. For each i, put V; , = f/j; U{yeQsNQs—1|iec Ky}

4.2.3. Definition of Py, M, vs. Put Py =, B, s and My = H,UC,UC, sUC3 s U
D, U P, UQg. For all e and z € w, put (e,x) € domuyg if and only if e < z and
x € My, in which case put vy(e,x) = (e,{i<e|zc Ui}, {i<e|xeVis}). We
say that « has state p at stage s if v(|p|, )] and p = vg(|p|, ). (Clearly (4)s—(6)s
hold.)

4.2.4. Definition of qs. To define g5 we first define a function g : S — J by <-
induction (notice that the relation < is a well-founded relation on states). Given
g(V') for all v/ < v, define g(v): if there is a y € @, such that y has state v at
stage s, but such that for all v/ < v, g(v') # y, then let g(v) be the least such y;
otherwise, let g(v) = —1. Now define ¢s; by: v € domgs if and only if g(v) > 0, in
which case ¢5(v) = g(v).

4.2.5. Definition of Ss(C), Ss(C1), Ss(C2), Ss(D), Ss(P), Ss(Q). If X is one of
the symbols C, C1, Cs, or D, then we put Ss(X) ={ (v,z) € Sxw |z € X;Av =<
vs(z,x) }, and if X is one of the symbols P or @, then we put S;(X) = { (v,z) €
Sxwlre X Av=vs(z,2) AN(s=0Va ¢ X1 Vuvg(x,z) # vs_1(z,)) }.

4.2.6. Definition of My, Ps. We will first define two special properties, called Con-
dition (a) and Condition (b). If ¥ is a state and r < s, then we say that Condition
(a) holds of U at stage r if (3v)(Fx)3X)[|v| < [P| A (v,z) € Sp(X)Av ¢ P.]. To
define Condition (b), first define for each state 7 and each r < s an element u; ,
of w as follows: if there is a u < r such that o € M, 41 — M, then let u; , be the
largest such u, and put up, = 0 otherwise. If ¥ is a state and r < s, then we say
that Condition (b) holds of U at stage r if for some ji < U, 8(ji) has been verified
up,» times by stage 7 and yet g5 (2*) = q:(2*) for all t with [0] <t <.

If s =0, we put M, = (). Otherwise, we define for each state 7 an element ¢, of
w: if there is a t < s such that 7 € My, then we let t; be the largest such ¢, and
we let t; = |D| otherwise. Define My = {v € S| (¥ € M,_; and neither Condition
(a) nor Condition (b) holds of 7 at stage s — 1)V (# ¢ Ms_1 and for all it < 7, a(ji)
has been verified t; times by stage s — 1) }. Put Ps = {v | (30 € M,)[0 || v]}.
(Thus (7)s holds.)
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4.2.7. Definition of ds. We define d; by putting y € domd; if and only if y € Mj,
in which case we let ds(y) be the largest e € w U {—1} such that both (1) either
(a) e = =1 or (b) e <y and vs(e,y) € Py, and (2) if s > 0 and y € M;s_1, then
ds—1(y) > e. (It is easy to see by the definition of ds that (8), holds.)

This completes the definition of the function As 1(s).

5. DEFINITION OF THE ISOMORPHISM

Given n,k € w and a (1,n + 1)-ary partial functional H, let Hy be as defined in
Section 1. We use Smullyan’s Double Recursion Theorem [6] in the following form:

Theorem. Fizn € w, let F,G be (1,n + 1)-ary partial recursive functionals, and

let {e} be the e-th (1,n)-ary partial recursive functional. Then there are a,b € w
such that F, = {a} and G, = {b}.

This differs from the usual form of Smullyan’s Double Recursion Theorem only
in that set variables are allowed. Otherwise, the proof is as usual (cf. Soare [9], pp.
39-40).

Recall that A, B are sets such that A’ =7 B’. Apply Proposition 2.1 to get a
recursive permutation f of w such that for all e € w, W2 is infinite if and only if
WfA(e) is infinite. For convenience, put g = f~1.

Foreach b € w, v : w — w, Y C w, define N»¥Y : w — w by putting for all s € w

N (s) = K~ (U2 Ynew, (V2 e, (VoY Jnew, HYVY,C20Y
Of::’y, O;?::,Y’ Di),v,Y7 CQZSJ,U,Y7 Pf,v,Y’ M:’U’Y, 1RZ,'U,Y’
(Brljzls))y)VGSv MZ’U’Yv PS’U)szg’v’Yv (Eg:Z’Y)VGSv VS,U,Y’
ql;,v,Y7 dg,v,Y’ SS)U’Y (O)v SS’U’Y (Cl)v SS’U)Y(CQ)v
S (D), 552 (P), 555 (@) wheY ko).

The reader can easily verify that there exist (1,2)-ary recursive functionals F' and
G such that for all a,b,s € wand all Y C w, F(Y,b,s) = N*/Y(s) and G(Y, a, s) =
N%9Y(s). Fix such functionals F' and G. Apply the Double Recursion Theorem
to find elements a,b € w such that F, = {a} and G, = {b}. So in particular,
NbFA = {g}A and N»9B = {b}B.

For all n,s € w and all states v, define U, = ULLA, Vit = Vi b/

VOSAH, = HYIA, Oy = CVWIA, Oy, = CPIA Gy = CLIA, Dy = Do
Bl/)s - Bll;,qsﬂA’ P, = ]DSILf,A7 Qs = QZ;,LA’ Ms7 — Mé”ﬁA, M, = /\/11;,f7A7 P, =
ngf,A’ IR, = 1R27f’A, I, = ngfw“, L. = El;’,];Aa Vs = ng,A7 qs = qg7f’A, ds =
A4, 8,(C) = SEIA(C), S.(C1) = SHPA(CH), 5,(Ca) = SHIA(Cy), S.(D) =
Sg’ﬁA(D), S,(P) = Sg’f7A(P), S.(Q) = ngﬁA(Q)’ we = wg;ﬁA’ and ng = nbfHA

bfA,
D — 9B ] -V 9B [ —
For all n,s € w and all states ¥, define V,, s = U397, Ut =V} ool U, =

7a,9,B T _ 9,B A _ ,9,B A _ %9,B A _ (%9,B _ ,9,B
VesB, By = HW9B, Gy = Co9B, Cyy = OPPP, Coy = C598, Dy = DO95,
® _ pgB p _ 9B A _ 9B A1 — 9B A — 9B D _
BQ)S—BIA/7S , Py = P¥9%, Qg = Q¥9%, Mg = M&9%, My = M¥95 Py =
a,9,B 15 _ 1pa,9,B 4 _ 7a,9,B /p _ pag9,B ~ _ ag9gB 5 _ ,a,9B J _
PL9= Ry = "RYIZ, Ty =T39 ,E,;ys—ﬁﬁ)s , Vs = V397 s = q97, ds =

40P, 5,(C) = §e0B(C), 8,(Cr) = SE9B(CY), Su(Cy) = Sp9B(Cy), S,(D) =
S509B(D), 8,(P) = S8 (P), 84(Q) = §2:9°2(Q), b, = wis, and oy = n0:2,

S
Pl
w

Il
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For all 4, let U; = U, Uis, Vi = U, Viss Vi = U, Virs, and U; = U, Ui s.
The reader can easily verify from the fact that F' and G are recursive function-

als that there are recursive functions h,iL : w — w such that ‘71 = W,f}i) and
U, = Wiﬁz‘) for all i. If e,z,& € w, put v(e,z) = v(e,z; (Us)icw, (Vi)icw) and

(e, ) = vie,2; (Vi)icw, (Us)icw). We say that x has state v at stage s if z € M,
and v < vg(x,z). We say that = has final state v if v < v(z, ).

For each X one of the symbols C, C1, Cs, D, P, @, and each s € w, choose a
sequence S*(X) listing the elements of S;(X), in some arbitrary order. Let S(X) be
the concatenation of the sequences S*(X) for s € w. If L is a sequence of elements
of S xw and if v € S, then we say that n € w is an occurrence of v on L if for some
y€w, L(n) = (v,y)

We will show in the next section that (1)—(3) of Section 3 hold, from which it
will follow, by (4) of Section 3, that (£4)* and (£7)* are effectively isomorphic via
an isomorphism ® such that for all 4, ®(U}) = Ui* and <I>(VZ*) =V

6. PROOF OF THE HARD DIRECTION OF THE MAIN THEOREM

The proof is similar to the proof in Soare [9]. Each of the following lemmas
has a dual lemma, obtained by exchanging the symbols C' and C, and so on. In
Lemma 14, both versions are proved simultaneously. Otherwise, the statement of
the dual lemma is omitted.

Lemma 1. Every state which occurs infinitely often in S(C) also occurs infinitely
often in each of S(C1), S(C2), and S(D).

Proof. Let 'R = |J, 'Rs. Assume v occurs infinitely often in S(C). To show that
v occurs infinitely often in S(C;) for each ¢ € {1,2}, it suffices (cf. Rule R;) to
show that for each ¢ € {1,2} and for each n € w, there is an m > n such that
YR(m) = (v,i) and m € 'R. So let i € {1,2} and n € w. Choose m > n such
that (v,i) = “R(m). Choose s such that for all £ < m such that k € 'R, k € 'R,.
Since v occurs infinitely often in S(C'), there is a t > s and a y € w such that
(v,y) € Si(C). So m € 'R (for otherwise (cf. Rule Ry) there would be a k < m
such that k € 'R;41 —R;). This completes the proof that v occurs infinitely often
in §(C1) and in S(Cy).

To see that v occurs infinitely often in S(D), notice that for all s, if y € Co g
then y € Dy11 and vs(y,y) = vs+1(y,y). Therefore since v occurs infinitely often
in §(C»), v also occurs infinitely often in S(D). O

If (Ls)sew 1s a sequence of sets, then we let £, = {z | © € L, for all but finitely
many s € w }. In particular, we use this notation for M, P, P, Qu, and B, .

Lemma 2. (i) If y € Qs for infinitely many s, then y € Q..

(ii) Suppose y € Q.. Then there exists a unique state v such that limg gs(v)
exists and equals y. This state v satisfies v = limg vg(y, y).

(iii) For every v, if lims qs(v) exists then limg gs(p) exists for every pu < v.

Proof. (i) Tt is easy to see that if y € Qs — Qs41, then vs(y,y) C vst1(y,y). But
there are only finitely many states of length y, so vs(y,y) C vs+1(y,y) for only
finitely many s.

We prove (ii) by induction on y. Assume that (ii) is true for all z < y, and that
Yy € Q. Choose sy so that (1) for all z < y and for all s > s, z € Qs iff 2 € Qsy;
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(2) for all z < y, all s > sp, and all states p, if gs, ()| and gs, (1) = 2, then gs(u)]
and ¢s(p) = z; and (3) for all s > sg, vs(y,y) = Vs, (y,y). Since y € Qsps ¥ = s, (V)
for some state v. By the definition of ¢, for all p < v, g5, (p)] and gs, (1) < y. So
by (2), for all s > sp and all p < v, ¢s(u)] and ¢s(p) = gs, (1r). Thus (using (3)),
for any s > so, ¢s(v)] and ¢s(v) < y. Suppose ¢s(v) = z < y for some s > sg. So
by (2), ¢s(v) = ¢s,(v). But gs,(v) =y, a contradiction. The rest of the statement
of (ii) follows directly from the definition of g.

(iii) Suppose lim, g (v) exists and equals y. Choose sy large enough so that (1)
for all z < y and for all s > sg, z € Qs iff 2z € Qs,, (2) for all z < y, all s > s, and
all states p, if s, (p)] and gs, (1) = z then ¢5(p)] and gs(p) = z. (The existence of
an so for (2) follows from part (ii) of the lemma.) But by definition of ¢, for any
W < v, there is a z < y such that gs, (1) = z. So by (2), for all s > s, ¢s(u)] and

gs(p) = 2. O

Lemma 3. Fiz a state 0. If for infinitely many s € w there is some [i = U such
that i € Ms11 — M, then U occurs in S(D) infinitely often.

Proof. Let T be the set of s such that there exists a i %= ¥ such that i € Ms11— M.
For each s € T, let jis be a state = © such that is € Msy1 — M, and define ¢
as follows (cf. the definition of M): let ¢s be the largest ¢ < s + 1 such that
fis € My, if such a t exists, and let t, = |fis| otherwise. If sup .7 |fis| = oo, then
sup,cr ts = 00, as the reader can easily verify. Otherwise for some fixed 7, © = fi,
for infinitely many s € T'. Thus since 7 € M,, for infinitely many u, we again see
that sup,cpts = 0o. Since ¥ < fi for each s, a(?) is verified infinitely often (by
the definition of M), and thus {§ | (3s)[ (7, 9) € Ss(D)]} is infinite. O

Lemma 4. Suppose lim, §s(u*) exists and yet By, s = 0 for infinitely many s. Then
for all v = p such that v occurs in S(D) infinitely often there is a state v/ >, v
such that V' occurs in S(D) infinitely often.

Proof. Let p and v be as in the statement of the lemma. By the dual of Lemma 2(iii),
we may assume without loss of generality that for all # < u, By s = 0 for only
finitely many s; otherwise we can shorten p. So, as is easily seen, for each m < p,
U L7541 is finite (cf. Rule Ry, Step 4). Using the facts that v occurs in S(D)
infinitely often and that B, ; = () for infinitely many s, the reader can easily verify
that for infinitely many s, there is a y € B, s which is in state v at stage s. (Hint:
by Rule Ry, Step 4, v will occur unmarked on £, 541 for infinitely many s, and
by Rule Ry, Step 5, each unmarked occurrence of v in £, s+1 will be marked at
some stage t > s.) Let T' be the set of pairs (y, s) such that y € B, ; and y is in
state v at stage s. For each pair (y,s) € T, let ¢(y, s) be the least ¢ > s such that
Y € But — Buit1- Bui(y,s) F But(y,s)+1 50 But(y,s)+1 1s defined either by Rule
Rs or by Case 3B2. It is easy to see that if there were infinitely many (y,s) € T
such that B, ;(y,s)+1 is defined by Rule Ry, then (u*) would be verified infinitely
often and therefore {s | ¢s(p*)TV (3t > 8)(G:(p*)T V G (p*) # ds(n*)) } would be
infinite. But limg §s(u*) exists.

Let 71" be the set of all pairs (y, s) € T such that B, (. s)+1 is defined by Case 3B2.

Let e = |v]. We will show that for each (y,s) € T, Vi(y,s)+1(6,Y) >« vs(e,y) = v.
Given this, if u > t(y, s) is least such that y € Cy, then v,(e,y) = vyy,s)+1(€;¥)
(i.e., y retains the same state while it is in hole H). So some v’ >, v occurs
infinitely often in S(C), and thus by Lemma 1, v’ occurs infinitely often in S(D).
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Now suppose (y,s) € T. It is easily seen that Vity,s)+1(W:Y) == vs(y,y) (e, y
enters no set V; while y is in P). However, since y leaves B,, through Case 3B2,
we see that y € U yy,s)41 — Uii(y,s) for some i < |u| < e. Thus vy, g41(e,y) >«
Vs(evy)' u

Lemma 5. Assume v is a state such that there are only finitely many occurrences
of states V' >, U in S(D). Then there are only finitely many s such that v € M
and Condition (b) holds of U at stage s.

Proof. Let v be as in the statement of the lemma. Suppose by way of contradiction
that there are infinitely many s such that 7 € M, and Condition (b) holds of ¥
at stage s. So for infinitely many s, 7 € My — M,41. Thus for infinitely many s,
Ve Msy1 — M. So by Lemma 3, £ occurs in S(D) infinitely often. Using the fact
that there are infinitely many s such that Condition (b) holds of ¥ at stage s, the
reader can easily verify that there must be a state i < ¥ such that (1) ¢,(4*) has
a constant value for all v with |#| < wv, and (2) B(j) is verified infinitely often. By
(2), {s| Bus =0} is infinite. By the dual of Lemma 4, there is some state 7' >, ¥
which occurs infinitely often in S(D). This is a contradiction. O

Lemma 6. Fixe. Assume that for all states U of length < e, there are only finitely
many s such that U € My and Condition (a) holds of U at stage s. Then for all
states v and U of length e:

() If o occurs in S(D) infinitely often, then some fi >, U is in M.

(ii) If some U .|| v occurs infinitely often in S(D), then v € P,,.

(i) If v € Py for infinitely many s, then v € P,,,.

Proof. (i) Suppose # occurs in S(D) infinitely often. Choose /i such that fi >, ¥
and i occurs in S(D) infinitely often, but for no i/ >, f does i’ occur in S(D)
infinitely often. So by Lemma 5, there are only finitely many s such that g € Mg
and Condition (b) holds of i at stage s. But by assumption, there are only finitely
many s such that i € Mg and Condition (a) holds of fi at stage s. Therefore there
are only finitely many s such that i € My — Mgy;. Thus, since i occurs in S(D)
infinitely often, i € M,,.

(ii) is immediate from (i), from Proposition 3.1, and from the definition of P,,.

(iii) Suppose v is of length e and v € P for infinitely many s. For each s such
that v € P, there is a U € My such that ¥ .|| v. Choose ¥ .|| v such that ¥ € M
for infinitely many s. If & € M,,, then v € P,,. Otherwise, ¥ € M1 — M for
infinitely many s. So by Lemma 3, & occurs in S(D) infinitely often. Apply (i) to
find a o >, ¥ such that i € M,,. But ¥ .|| v, so by Proposition 3.1, i .|| v. Thus
veEP,. O

Lemma 7. (1) Every x € w is either in P, or in Qu. (2) For each v, B, is
finite. (3) If B, s # 0 for all but finitely many s, then B, # 0. Finally, (4) each
element of B, ., has final state v.

Proof. We prove (1) by proving that (la) J, Ms C P, UQ., and (1b) J, Ms = w.

(1a): We prove by induction on x that if v € |J, M,, then x € P, UQ.,. So
suppose that « € |J, M, and that for all y < z, if y € |J, My, then y € P, U Q..
Observe that My C Mgy for all s. Choose s such that (i) x € M,; and for all
y < z, either (ii) for all ¢ > s, y € P, or (iii) for all t > s, y € Q;. Notice that for
all t > S, (IV) if x € Hy then z € Ct+1, (V) if x € C; then x € Cl,t+1 U CQ)t_i.l, (VI)
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ite € C1,4UCy; then € Dyyq, and (vil) if « € Dy then € Piq U Q¢41. Thus
for infinitely many ¢, x € P, U Q. But for all ¢, if x € P, — Piy1 or « € Qr — Q¢41,
then v411(xz,x) 2 v (x,x). But since there are only finitely many states of length
x, Vir1(x, ) 2 vi(x, ) for only finitely many ¢. Thus z € P, UQ,,, completing the
induction step and thus the proof of (1a).

(Ib): It is easy to see by induction on s that for all s, My, = {z | (It <
ns)[gA(t) = (0,2)]}. Thus to prove (1b), it suffices to show that lim, n, = co. So
suppose limgns; < oo. Choose s such that ny = ngyq for all t > s. Thus Ut M,
equals M and is therefore finite. Using (1la), choose s’ > 0 such that s’ > s and
such that for all x € |J, My, either (i) for all t > s', x € P;, or (ii) for all ¢t > &/,
x € Q. But then s > 0 and Hy UCy U Cy,s UC2 o U Dy = . Consequently,
ng4+1 = Ny + 1 by Case 3 of Section 4.2.1, a contradiction. This completes the
proof of (1b) and thus the proof of (1).

(2): If By, # 0, then B, s # 0 for all sufficiently large s. So |J, T£, s is finite
(cf. Rule Ry, Step 4). So |J, By,s is finite (cf. Rule Ry, Step 5).

(3): If B, s # 0 for cofinitely many s, then, by the previous argument, (J, By s
is finite. Let sg be large enough so that for all « in |J, B, s, either x € Py for
all s > sp or x € Qs for all s > s9. We claim B, ; = B, , for all s > sy. For
consider y € |J, By,s. By definition of sg, if y € By, s, for some state p, then for no
s> s can we have y ¢ B,, s (i.e., if y leaves B,,, then y must enter either @ or H,
contradicting the choice of s9). Thus if y € B, s,, then y € B, 5 for all s > s5. On
the other hand, suppose y ¢ B, ,,. Then since y € Py, or y € Q,, either y € B,, 4,
for some p # v or y € Qs,. In either case, y ¢ B, ; for all s > sg. Thus B, s = B, s,
for all s > sg. Since by assumption B, s # () for some s > s, we have B, ,, # (.

(4): Finally, for all x € By o411, vsy1(|v], @) = vs(Jv|,z). Soif z € B, ,,, = has
final state v. O

Lemma 8. Fiz v and X. For all but finitely many x, if there is an occurrence of
(v,x) in S(X), then for some v' > v there is an occurrence of (V',x) in S(C).

Proof. Suppose (v,z) € Ss(X). So z € X, and v = vg(z,z). If X = C the
lemma is trivial. If X = Cy or Cy, then © € Cs_1 and v X ve_1(z,z) (= vs(z, )).
Otherwise, let v = (e,0,7). Let t be the largest ¢ < s such that z € C;. Let
VvV =up(e,x) = (e,0',7"). f X = D or X = @ then 0 = ¢’, so v/ > v. Suppose
now that X = P. Let p be such that z € B, . If |u| > e, then 0 = ¢ (or else
x ¢ Ps), and v/ > v as before. So we may assume that |u| <e. If z ¢ B, ., let u
be the least u > s such that x € B, , — B, ut+1- Bj,u+1 is defined either by Rule
Rs or by Case 3B2. So either z € Qu+1 — Q. (in which case we have o = ¢/, since
v =2 vs(z,x)) or x € Hyyq — H,. In the former case, v’ > v, so we are done. In the
latter case, vy41(e,z) = (e,0”,7) for some ¢’ D 0. So if v is the smallest v > u
such that z € C), then v,(e,x) = vy+1(e, ) > v. The lemma now follows from the
facts that |p| < e and that by Lemma 7, for each state y, B, is finite. O

Lemma 9. For each x and X, there are only finitely many s such that for some
v, (v,z) € Ss(X).

Proof. By Lemma 7, we choose sy large enough so that either (1) for all s > sg,
x € Ps, or (2) for all s > 59, x € Q5. Soif X = C, Cy, Cy, or D, then there are no
s > so and state v such that (v,z) € Ss(X). If X = P or X = @, choose s1 > s
such that vs(z,x) = v, (z, ) for all s > s1. So (v,z) ¢ Ss(X) for any s > s; and
state v. O
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For each state i, we let H; = { s | (39) 3X)[s(|a], §) LA @5 (2], 9), §) € Ss(X)A
Ds(1al,9) & Ps A (3 < s)[on(a,9)L A o= 24(|f1l, §)]] } (cf. the definition of 6(/)).
Roughly speaking, Hp is infinite exactly if there are infinitely many elements g
which are at some stage in state 7 and at some later stage “cause” a failure of
Lemma 14 (2) for a state of the same length as . Lemma 14 will show that the
sets Hy are actually finite.

Lemma 10. Fix a state 0. If H; is infinite and some v || U occurs infinitely often
in S(C), then some V' .|| U occurs infinitely often in S(D).

Proof. Fix ¥ as in the statement of the lemma. Fix v || ¥ such that v occurs
infinitely often in S(C). Since H, is infinite, §(2) is verified at infinitely many stages
s. Also, since H; is infinite and by the dual of Lemma 9, {s | (39)(3X)[ (i, 9) €
S.(X)]} is certainly infinite for each i < ©. Thus for each i < ¥, €(ji) is verified
at infinitely many stages s. By Lemma 1, since v occurs infinitely often in S(C),
v also occurs infinitely often in S(C5). Consider an unmarked occurrence of ¥ on
(*Zs, Zs—1). By Rule Rj3, Step 3, each such occurrence is marked on some Z; for
t > s. Suppose that ¢ > s is least. By the definition of Rule Rj3, Step 3, then there
is an ¢ € w such that x; € Dy, vi_1(|v|,x¢) | # and v (|v], z¢) || #. Now, by Rule
Rs3, Step 2, and the fact that §(9) and e(ji) for all i < & are verified for infinitely
many stages,  occurs unmarked on (7Z,, 7Zs_1) for infinitely many s. Thus for
infinitely many ¢, there is an z; € w such that x; € Dy and v¢(|v|, z¢) «|| . Choose
v which is v4(|v|, z¢) for infinitely many such z;. So v/ .|| ¥ and v/ occurs infinitely
often in S(D). |

Let 7 = U, Z, (i.e., the set-theoretic union of functions).

Lemma 11. Suppose that there are infinitely many n such that I(n) = 0. Then
(3X)[ D occurs infinitely often in S(X)].

Proof. The proof is very similar to the proof of Lemma 3. Let T be an infinite
subset of w such that for all n € T, Z(n) = . For each n € T, let u, be such
that n € domZ,,+1 — domZ,,, and let ¢, = wy,+1(Z(n)) (cf. Rule R3, Step 1).
If sup,,c7 |Z(n)| = oo, it is easy to see that sup,cpt, = co. Otherwise for some
fixed fi, Z(n) = i %= » for infinitely many n € T. Since ji occurs in Z infinitely
often, ji occurs unmarked on Z; for infinitely many ¢, so again it is easy to see
that sup,cpt, = 0o. Since ¥ < Z(n) for each n, the reader can easily see that
e(0) is verified infinitely often, and therefore {s | (39)(3X)[(,9) € Ss(X)]} is
infinite. |

For each state p, we put H,, = {s | (Jy)(3X)[vs(|p,
Ss(X) Avs(lul y) & Ps A (3 < s)[melpl )l A p = ve(lpl,y)

of H).

Lemma 12. Fiz e. The following conditions (1)—(4) are equivalent:
(1) (Vv of length < e)(VX)[v occurs in S(X) infinitely often = v € P,].
(2) For all states v of length < e there are only finitely many s such that

(3X)3y)[ (v, y) € So(X) Av ¢ P ].

(e, for all states U of length < e there are only finitely many stages s such
that Condition (a) holds of U at stage s.)
(3) H, is finite for all states v of length < e.

LA (vs(lpl y),y) €

y)l
11} (cf. the definition
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(4) For all but finitely many x: for all s such that © € My, ds(x) > e — 1.
If, in addition to (1)—(4) vy is of length e and
(5) (Vv C ) (VX)[v occurs in S(X) infinitely often = v € P,
then

(6) for all but finitely many x: for all s such that x € My and such that vs(e,x) C
vy, ds(z) > e.

Proof. (1) = (2) and (1) = (3) are clear.

(1) = (4): First, consider z > e. We claim that for all stages s such that
x € Mj, there is an X and a t > s such that (vs(e — 1,2),2) € S(X) (i.e., for
every state v occupied by = while z is in M, (v,z) enters some S(X)). First, if
s is least such that x € M, then x € Hs. For any s such that z € H,, we have
x € Cy for some t > s, and for ¢ least, (vs(e — 1,2),2) = (n(e — 1,z),2) € S(C).
Also, for any s such that € M,_; and vs(e — 1,2) # vs_1(e — 1,z), either Step
3 of Rule R3, or Case 3B, or Rule R4 applies. If Step 3 of Rule R3 applies, then
(vs(e—1,2),z) € Ss(D). If Rule Ry applies, then (vs(e —1,z),z) € Ss(Q). If Case
3B applies, then either x € H,, in which case we have seen that for ¢t > s least such
that @ € Cy, then (vs(e — 1,z),2) € S:(C); or else z € @, in which case we have
(vs(e — 1,z),2) € Ss(Q).

Now assume (1) holds. Choose sy such that for all v of length e — 1, v € P,
implies v € P for all s > sg. For each state v of length e — 1 and each X such that
v does not occur infinitely often in S(X), let F, x = {z | (3s)[(vs(e — 1,2) = v
and (v,z) € Ss(X)]}. Note that each F, , is finite. Let G =, x Fi,». There
are only finitely many e — 1 states, so G is finite. Now choose zp such that (a)
xog > e—1, (b) xp > maxG, and (c) no x > xg is in M,,. So by (1), for each
x > xo and each s such that z € My, (vs(e — 1,z),x) € P, and thus since s > sq,
(vs(e — 1,z),z) € Ps. Thus by the definition of d, for all s such that x € M,
ds(x) > e—1.

(2) = (1): If v is of length < e and v ¢ P, then by Lemma 6, there is some
so such that for all s > so, v ¢ Ps. Thus by (2) again, v cannot occur in Ss(X)
infinitely often.

(3) = (2) and (4) = (2) are clear.

The proof that (1) A (5) = (6) is similar to the proof that (1) = (4), and is left
for the reader. |

Showing that (1)—(4) hold for all e is the main remaining obstacle in the proof.
We will show this by induction on e in Lemma 14. The next lemma plays a crucial
part in this induction.

Lemma 13. Fize. Assume

(Vv of length < e)(VX)[v occurs in S(X) infinitely often = v € P,,]
and

(V0 of length < )(VX)[0 occurs in S(X) infinitely often = v € P,).

Then for all states v of length e such that H, is infinite, there is some U || v which

occurs infinitely often in S(C).
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Proof. First, a technical definition is useful. For each e and for each pair of states
w and py of length e, we put

Hupy = {51 F)EX)[(14,y) € Ss(X) A py & Ps
A@Et < s)[vley) Ll Ap=ri(ey)]]}.

The lemma will now be proved by C-induction on v. Assume the claim is true
for all v_ C v. We prove by C-induction on v that if H,,,, is infinite then there is

some ¥ || v which occurs infinitely often in S(C'). So assume that H, ., is infinite
and that for all v/, C vy, if H,,.. is infinite then there is some 7 || v which occurs

infinitely often in S(C'). Let v = (e, 0, 7). Choose y;, s;, and ¢t; for all j € w such
that y; € My, t; < sj, m;(e,y;) = v, vs,(e,y;) = vy, 3X)[(v4,y;) € S, (X)],
and V4 ¢ st.

For each j, let v; be least such that y; € M, . Suppose that for some j € w,
y; had state v at stage v;. So 7 = (). Also, for any § > e, if v is least such that
§ € Mj, then for some 6 C {0,1,... e}, 05(e, ) = (e,6,0) || v. Consequently,
some ¥ || v occurs infinitely often in S(C).

So we may assume that no y; had state v at stage v;. For each j, let u; be least
such that v,;(e,y) = v, (e,y) = v. We may assume that there is some fixed v_
such that for all j, v, 1(e,y) = v—. So v_ C v and H,_ is infinite. Suppose that
v > v_. Since H,,_ is infinite, by the induction hypothesis, some » with || v_ (and
therefore || ) occurs infinitely often in S(C'). So assume v % v_. So since v_ C v,
v_ = (e,0,7_) for some 7_ C 7. Since for each j we have y; € Vw] - f/i,uj_l for
some i, it is easy to see that either y; € Cz ;-1 or y; € Qu; N Qu,—1. We may
assume that either y; € Co ., 1 for all j or y; € Qu; N Qy, 1 for all j.

Case 1. y; € Ca4;-1 for all j. By the assumption of the lemma and by the

dual of Lemma 12, H; is finite for each  with || < e. Therefore for each & with
|P] < e, 6(P) is verified only finitely many times. So there are only finitely many
occurrences in Z of a state 7 with || < e. For each j, let ©; be the state  which
first occurs unmarked on (*Z,,, ~Zy,—1) such that ¥ || vy, —1(|?|, y;). Thus since for
each j, 7; does not occur marked in Z,; 1 and is marked in Z,,;, 2; has length > e
for all but finitely many j. Choose ¥ of length e such that ©;[e = ¥ for infinitely
many j. So by Lemma 11, (3X)[# occurs infinitely often in S(X)]. So by the dual
of Lemma 8, some &/ > ¥ occurs infinitely often in S(C)). But by the definition of
Rule R3, Step 3, ¥ || v (in fact, ¥ ||« v), so ¥ || v as well.

Case 2. yj € Qu; N Qyu,—1 for all j. Let ¥; = vy, (du;-1(y;),y;)*. Notice that
v has length d,;1(y;). We now show that (5) of Lemma 12 holds for vy = v_:
Suppose that v/ C v_ and that (3X)[v/ occurs infinitely often in S(X)]. By
Lemma 6(iii), either v/ € P, or H, is infinite (setting ¢ = s in the definition of H,).
If H, is infinite, then by the induction hypothesis and the fact that v/ C v_ C v,
some ¥ || v/ occurs infinitely often in S(C); the dual of Lemma 10 and Lemma, 6(ii)
then give v/ € P, after all.

So by Lemma 12, (6) of Lemma, 12 also holds. So d,,;—1(y;) > e for all but finitely
many j. We may assume that there is some 2 of length e such that 7; = © for all
J. We may also assume either that d,; 1(y;) > e for all j or that d.; 1(y;) = e for
all 7.

Case 2A. dy,;—1(y;) > e for all j. Then 0; - ¥ for all j. But by the fact that H,
is infinite and by Lemma 12, there is no state in M, of length > e. But 7; € My, 1
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for each j by the definition of Rule R4. So by Lemma 3, ¥ occurs in S (D) infinitely
often. So by the dual of Lemma 8, some 2’ > & occurs infinitely often in S(C'). But
for each U, 0 <X 0; || vy, (|125,y5) = v (in fact &5 = vy, (|75],95)*). Thus ¥ || v, and
therefore 7/ || v. So since ¥ occurs infinitely often in S(C'), we are done.

Case 2B. dy;—1(y;) = e for all j. So ©; = ¥ for all j. So ¥ .|| v—. By the
induction hypothesis (which we can use since H,_ is infinite) and by the dual of
Lemma 10, some 2 || v_ occurs infinitely often in S(D). We may choose &/ || v_
such that no >, ¥’ occurs infinitely often in S(D). So ¥ € M,, by Lemma 5,
by Lemma 12 (2), and by the definition of M. For each 7 .|| v—, let ks be the
cardinality of {¢ < u; | ((7) is verified at stage ¢ }. By the definition of Rule Ry,
U .|| v_ and for all 7 .|| v_, ks < kp. But & .|| v_and {s | (39)[ (7, 9) € Ss(D)]}
is infinite; therefore {(7’ ) is verified infinitely often. So ((¥) is verified infinitely

often, and therefore { s | (39)[(?,9) € Ss(D)]} is infinite. By the dual of Lemma 8,

some ' > U occurs infinitely often in S(C'). Since ¥ || v (in fact & = v*), we are
done. O

Lemma 14. (1) (W)(VX)[v occurs in S(X) infinitely often = v € P,],
(2) (VD)(VX)[D occurs in S(X) infinitely often = U € P,).

Proof. Prove (1) and (2) simultaneously by induction on the common length of v
and ». Assume (1) and (2) hold for all v such that |v| < e. We prove (1). The
proof of (2) is analogous. Assume by way of contradiction that (1) fails for some
v of length e and for some X. By Lemma 6(iii) and by the definition of H,, H,

is infinite. By Lemma 13, some © || v occurs infinitely often in S(C). By the dual

of Lemma 10, some ©’ .|| v occurs infinitely often in S(D). Thus by Lemma 6(ii),
v € P, after all. O

Notice that for all y, limsds(y) exists, because dsy1(y) < ds(y) for all s such
that y € M. For all y, we put d(y) = lim; ds(y).

Lemma 15. (i) For every e € w there are only finitely many y € w such that
d(y) <e.
(ii) Ify € Qu and d(y) > 0, then v(d(y),y)* € M.

Proof. (i) By Lemma 14 and Lemma 12.

(ii) Fix y and put e = d(y). Choose s¢ so that for all ¢ > so we have y € Qy,
di(y) = e, and vi(e,y) = vs,(e,y). If there were a s > so such that vs(e,y)* ¢
M, then Rule Ry would make vsi1(e,y) # vs(e,y), contradicting the fact that
vi(e,y) = vs,(e,y) for all t > so. Thus for all s, v(e,y)" = vs(e,y)” € My, and
therefore v(e,y)* € M,,. |

Lemma 16. For every p, if there are infinitely many y € Q. such that p =
v(|pl,y), then there are infinitely many § € P, such that p* = v(|ul, 9).

Proof. Assume that there are infinitely many y € @, such that u = v(|u|,y). Let
= p*. We show B;Lw # (). (This suffices, since we can choose p’ = p of arbitrarily
large length such that there are infinitely many y € Q,, such that p' = v(|g/],y).)
Let so be large enough so that so > || and (Vr =< p)(Vs > s0)[gs(m) = s, (7)]
(cf. Lemma 2). Choose y € @, such that u = v(|u|,y) and such that d(y) > so.
Let # = v(d(y),y)*. So &# € M, by Lemma 15, and thus for sufficiently large ¢,
Condition (b) does not hold of 7 at stage ¢t. So since |7| = d(y) > so and since
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fi = 7, B(j1) must be verified only finitely often, and therefore { s | B; s = 0} must
be finite. So B, # 0 by Lemma 7. O

Lemma 17. For every p, if there are infinitely many y € P, such that p =
v(|ul,y), then there are infinitely many § € Q. such that p* = D(|ul, ).

Proof. By Lemma 7, B, ., # 0. So by Rule Ry, v(p*) is verified only finitely
often. Therefore {s | Gs(*)TV (3t > s)[q(w*)TV ¢(pn*) # ¢s(p*)]} is finite. So
lim, g (pu*) exists. So (cf. the dual of Lemma 2) there is a § € Q,, such that |u| < §
and p* = D(|ul,§). To complete the proof of the lemma, notice that we can choose
i = p of arbitrarily large length such that there are infinitely many y € P, such
that u' = v(|/],y). 0

Proof of Main Theorem. Lemmas 7, 16, and 17 and their duals show that for all
states 1, there are infinitely many x such that u = v(|u|,z) if and only if there are
infinitely many & such that p* = o(|u|,£). Also, the reader can easily verify by
examining Case 3B of Section 4 that U; =* WiA and V; =* WiB . Finally, as observed
in Section 5, there are recursive functions g, h : w — w such that v, =* WgAi) and

U, =* W}?(l.) for all ¢ € w. Thus (1)—(3) of Section 3 hold, so by (4) of Section 3,
(E4)* and (EB)* are effectively isomorphic. |
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